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A method is developed to investgate the minimum number of subsets that n- 
dimensional Euclidean space must be divided into so that no two points that are at 
unit distance are in the same subset, in the particular case where the division is into 
measurable subsets. 
1. INTR~DU~~~N 
What is the smallest number of subsets into which we may divide n- 
dimensional Euclidean space R” so that no subset contains a pair of points 
unit distance apart? Or looking at the question another way, what is the 
chromatic number of the graph G, with vertices the points of R” and with 
edges joining just those pairs of points at unit distance? Such questions have 
attracted considerable interest of late, and the papers by Larman and Rogers 
[5] and Woodall [6] and more recently Frank1 [3] describe the fundamental 
ideas that have been employed and contain many further relevant references 
for such problems. 
Most of the work that has been done allows the division of R” to be 
completely arbitrary, but Woodall [6] mentions two less general problems, 
namely, where R” is devided into Lebesgue measurable subsets, and (in the 
plane case only) where R* is divided into regions bounded by Jordan arcs; in 
the latter case he derives a lower bound of 6 for the chromatic number, an 
improvement on the best known lower bound of 4 for both the general and 
the measurable cases. A powerful result of de Bruijn and Erdiis [2] is that 
the chromatic number of an infinite graph is attained in some finite 
subgraph, so that the general approach to these problems has been to try to 
estimate the chromatic number of the graph induced by G, on a suitable 
finite configuration of points in R”. Our purpose here is to show that the case 
of a division of R” into measurable subsets (or correspondingly a measurable 
colouring of R”) may be investigated using a modification of a method 
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devised by Croft [ I] in his study of some lattice point problems. We shall 
show that in the measurable case it is possible to place judiciously certain 
configurations of points in R” to obtain improved bounds for the chromatic 
numbers. In particular we shall obtain a lower bound of 5 for the chromatic 
number of RZ in the case of a measurable colouring, though this is still rather 
far from the known upper bound of 7. 
2. MEASURE THEORETIC LEMMAS 
In this section we list the measure theoretic results that we shall require, 
these being minor variants of some of those given in Croft [I]. 
LEMMA 1. Let E be a non-empty subset of R” with v(E) = 0, where v 
denotes n-dimensional Lebesgue measure, and let C be a finite or countable 
configuration of distinct points in R”. Then there exists a rigid motion p such 
that p(C) n E is a single point. Further, tf x is a given point of C, we may 
choose p such that for almost all (in the sense of the usual rotational 
measure) rotations p of p(C) about p(x) we have that p(p(C)) n E = {p(x)}. 
ProoJ An obvious modification to the proof of Lemma 3 in Croft [ 1 ] 
suffices. 
Suppose now that S is a Lebesgue measurable subset of R”; we define the 
metrical boundary aS of S to be those points of R” at which the Lebesgue 
density of S either fails to exist, or exists and has a value other than 0 or 1. 
(The Lebesgue density of S at x is defined as lim,, v(B,(x)n S)/@,(x)), 
where Bd(x) is the ball of centre x and radius 6.) We also detine the essential 
part S of S as those points of RR where the Lebesgue density of S exists and 
equals 1. 
LEMMA 2. Let S be a measurable subset of R” with v(S) > 0 and 
v(R\S) > 0 then 
(i) aS is non-empty and v(aS) = 0, 
(ii.) S is a Bore1 set. 
Proof: That v(aS) = 0 follows from the well-known density theorem of 
Lebesgue. The author’s proof that aS is non-empty is given for Lemma 4 of 
Croft [l] in the plane case; an identical proof holds in R”. (Note that a 
refinement of the proof by considering the projection of ELS onto hyperplanes 
in all directions gives that the topological closure of a.!? has non-zero 
(n - 1)-dimensional Hausdorff measure. It would be useful to know if the 
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same was true of &S itself.) To see that S is a Bore1 set it is enough to 
observe that 
3= fi tJ n {x: t@,(x) n S)/v(B,(x)) > 1 - l/r} 
r=l ssQ PC9 
PEP 
and that V@,(X) n S)/v(B,( x )) is continuous in x andp. (Here Q denotes the 
positive rationals.) 
Now let S, ,..., S, be disjoint measurable subsets of R” with union equal to 
R”. If E = R”\lJf= I Sj then E is the aggregate of the metrical boundaries of 
the Sj. 
LEMMA 3. Suppose that x, ,..., xy are points in R” such that x, E E, say 
x,Eas,n~~* n iIS,, and xi E Sk,, for 2 < i < A4. Then for every j 
(1 <j < r) there exists a small translation p such that p(x,) E Sj, and 
P(x,) E S,,i~ if 2 < i < k. 
Proof: See Croft [ 11, proof of Theorem 8. 
3. REALIZATION OF DISTANCES 
We first state a minor improvement to some results of Larman and Rogers 
[5] that is valid in the measurable case. Recall that a configuration of A4 
points in R” has critical distance d and critical number D if D is the smallest 
integer such that in any collection of D + 1 points from the configuration 
some pair of points are at distance d. For large n improved configurtions 
are continually being constructed; however the following theorem holds for 
any configuration. 
THEOREM 1. Suppose that in R” there is a configuration C of M points 
with critical distance 1 and critical number D. Then tf R” is covered by MID 
or fewer measurable sets Sj, there is a set in the covering within which all 
distances are realized. 
Proof Letting E = R”\(J j Sj as before, the first part of Lemma 1 gives a 
rigid motion p of C such that p(C) n E is a single point, xi, say. Denote the 
remaining points of p(C) by x2,...,xM. By Lemma 3 there are small tran- 
slations p1 and pz such that pl(xi) and pz(xi) belong to the same S, if 
2 < i Q M, but with pl(xl) and pZ(xl) in different sets Sj. Thus we may 
regard x, as “belonging to two or more of the Si’ and the proof of 
Theorem 3 in Larman and Rogers [5] gives the result. 
Note that Theorem 1 gives an improvement of one for the chromatic 
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number in the measurable case if the configuration employed has M/D 
integral. 
To examine the chromatic number of R” in the measurable case for small 
n we require the following lemma. 
LEMMA 4. Let T be a circle of radius r > 4 in R2, and let 0 = 
2 sin-‘(1/2r) be an irrational multiple of K. Suppose that R2 is divided into 
sets Sj in such a way that almost all points of T (in the sense of circular 
measure) belong to either S, or S2, say. Then there exists some pair of points 
in R 2 at unit distance apart either both in S, or both in S, , 
Proof We lose no generality by taking the origin to be the centre of T. 
Denote the point of T with coordinates (r cos (p, r sin rp) by y(p). Suppose 
that the conclusion of the lemma fails to hold. Then applying Lemma 3 to 
pairs of points on T that are unit distance apart (and therefore subtend angle 
0 at the origin) we conclude that y(q) and y(u, + 67) cannot both belong to S, 
or both belong to S2 for any q. Thus (except for (p such that y(rp + me) G$ 
3, u 3, for some integer m, a set of circular measure zero) we have that 
y(p) E Sj if and only if ~(a, + 2mB) E Sj (j = 1 or 2). By Kronecker’s 
theorem and the assumption of 8 being an irrational multiple of 7c we may 
find integral values of m such that 2mB is arbitrarily close to a multiple of 
2n. Thus the sets 3, n T and 3, n T are periodic with arbitrarily small 
periods (to within a subset of T of measure zero). By Lemma 2(ii), 3, and 3, 
are Bore1 sets, so that 3, n T and S2 n Tare Bore1 and therefore measurable 
subsets of T in the sense of circular measure. But by a well-known result in 
measure theory a set with arbitrarily small periods has either zero or full 
measure. Hence almost all points of T belong to 3, or to S,, suppose 
without loss of generality to 3,. Then we may select two points of 3, n Tat 
unit distance apart and apply Lemma 3 to these points to obtain a pair of 
points in S, at unit distance, contradicting the assumption that the 
conclusion of the lemma fails to hold. 
We state the following corollary which, although clearly not the strongest 
possible result in higher dimensions, is enough for our requirements. 
COROLLARY 1. Let T be an (n - 1)-sphere of radius r > + in R”, where 
n > 3. Suppose that R” is divided into sets Sj in such a way that almost all 
points of T belong to either S, or S,. Then there exists some pair of points in 
R” at unit distance apart either both in S, or both in S,. 
ProoJ: Take a suitable plane section of T and apply Lemma 4. 
We can now deduce the estimates for the chromatic number of R” for 
measurable colourings. The following theorem is an improvement on known 
results if n = 2, 3 or 4. 
188 K. J. FALCONER 
THEOREM 2. Suppose that R” is covered by n + 2 measurable sets 
s sn+2 1,-*-Y Then one of the sets contains a pair of points at unit distance 
apart. 
ProojI Let x, ,..., x,+, be the vertices of a regular simplex of side 1 in R”. 
Let x,+2 be the reflection of x1 in the hyperplane that contains x2 ,..., x, + I . 
Lemma 1 allows us to assume that the configuration of points C = 
tx 1,.-,x,+2 ) is positioned so that xi E E = R”\lJyzf Sj and so that for 
almost all rotations p about x, we have p(C) n E = (xi}. Assume (without 
loss of generality) that xi lies in the metrical boundaries of (at least) the sets 
S, and S,, and suppose that the conclusion of the theorem does not hold. 
Then if p is any rotation such that p(C) r7 E = (xi }, Lemma 3 implies p(Xi) is 
not in either S, or S2 if 2 < i < n + 1, and further that if 2 < i < k < n + 1 
then p(xJ and p(xk) cannot lie in the same Sj. Thus p(x2),..., p(x,+ 1) must lie 
in S, ,..., S, + 2 in some order, for all such p. Since the point p(x,+ 2) is unit 
distance from p(xi) if 2 < i < n + 1 another application of Lemma 3 gives 
that P(x,,+~) is in 3, or 3, for almost all p. Thus almost all the points on the 
(n - 1)-sphere of centre x1 and radius 2h belong to 3, or S2, where h is the 
height of the regular unit simplex in R”. The required contradiction now 
follows using Lemma 4 or its corollary. In the 2-dimensional case h = 4 fi 
and we require sin-‘(l/2 fi) to be an irrational multiple of K. But 
sin-‘( 1/2fi) = 2 cos-‘(5/6), so it is enough to show that 19, is an irrational 
multiple of x, where cos 8, = 5/6 and sin 0, = fl/6. If this were not the 
case then there would be an integer m such that mf3, was a multiple of 2n so 
that (5/6 + i &i/6)“’ = 1, or 
(5 + i dfi)” = 6”. (1) 
But in the complex quadratic field k(a) the unique factorization 
property holds with f 1 as the only units of the field (see, for example, Hardy 
and Wright [4]). Thus (I) cannot hold for any non zero m. 
ACKNOWLEDGMENT 
1 should like to thank Dr. H. T. Croft for providing me with a preprint of his paper [ 1 ] and 
for helpful discussions on related matters. 
REFERENCES 
1. H. T. CROFT, Three lattice point problems of Steinhaus, Quart. J. Math. oxford (2), in 
press. 
2. F. ERDOS AND N. G. DE BRUWN, A colour problem for infinite graphs and a problem in the 
theory of relations, Indag. Math. 13 (1951), 371-373. 
DISTANCES IN MEASURABLE SETS 18Y 
3. P. FRANKL, Extremal problems and coverings of space, Ars Combin., in press. 
4. G. H. HARDY AND E. M. WRIGHT, “Introduction to the Theory of Numbers,” 4th ed., 
Oxford Univ. Press (Clarendon), London/New York, 1960. 
5. D. G. LARMAN AND C. A. ROGERS, The realization of distances within sets in Euclidean 
space, Muthemafika 19 (1972), l-24. 
6. D. R. WOODALL, Distances realized by sets covering the plane, J. Combin. Theory Ser. A 
14 (1973), 187-200. 
